Abstract. We establish some results on embeddings in half-cube graphs. They are motivated by M. Deza, M. Dutour Sekirić, and S. Shpectorov's conjecture [1] concerning isometric embeddings of the skeletons of polytope Wythoffians in half-cube graphs.
Introduction
Let Σ be an n-dimensional polytope and I be a subset of {0, 1, . . . , n−1}. Denote by Σ(I) the associated Wythoffian [1] . We do not give the precise definition of Σ(I), since we will work only with its skeleton, the graph formed by all vertices and edges of Σ(I). The vertices of Σ(I) are flags of type I; and the edges are defined by flags of type I ′ , where I ′ is taken in a "neighborhood" of I. Many examples of Wythoffian associated with regular convex polytopes can be found in [1] ; in almost all cases, the skeleton is isometrically embeddable in a half-cube graph.
Conjecture. If Γ is the skeleton of Wythoffian obtained from a regular convex polytope and Γ is isometrically embeddable in a half-cube graph then Γ is one of the graphs described in [1] .
In Section 3 we prove the following result supporting the conjecture (Theorem 1): if Σ is the n-dimensional hypercube and I is contained in {0, 1, . . . , n − 5} then the skeleton of Σ(I) is not embeddable in a half-cube graph.
In Section 4 we investigate maximal cliques of half-cube graphs. It will be shown that the graph 1 2 H n (the half-cube graph associated with the hypercube graph H n ) has precisely two types of maximal cliques which consist of 4 and n vertices, respectively. Two distinct cliques of second type are disjoint or their intersection consists of two vertices; in the second case, the cliques are said to be adjacent. Consider the graph whose vertices are maximal cliques of second type and whose edges are pairs of adjacent cliques; this graph is isomorphic to 1 2 H n . Now, let Γ be a graph and X be a family of maximal cliques of Γ. Denote by Γ(X ) the graph whose vertex set is X and whose edges are pairs of cliques with a non-empty intersection. Using results of Section 4, we show that every embedding of Γ in 
Skeletons of hypercube Wythoffians
Let J := {±1, . . . , ±n} and J be the set formed by all non-empty subsets A ⊂ J satisfying the following condition:
We define the dimension function
Every A ∈ J contains at most n elements and for every k ∈ {0, . . . , n − 1} we set
Every element of J is contained in a certain element of J n−1 . If A ∈ J n−1 then we always have i ∈ A or −i ∈ A for every i ∈ J. If A ∈ J consists of i 1 , . . . , i k then
The set J is partially ordered by the inclusion relation and we denote by Σ the associated flag complex (the simplicial complex whose vertex set is J and whose simplices are flags formed by elements of J ). Clearly, Σ is the n-dimensional hypercube.
Let I = {i 1 , . . . , i k } ⊂ {0, 1, . . . , n − 1}. We say that
We write J I for the set of all such flags.
Two elements of J n−1 are called adjacent if their intersection belongs to J n−2 . In the case when k < n − 1, we say that A, B ∈ J k are adjacent if A ∪ B is an element of J k+1 . -
and A 1 ∪ B 1 coincides with A 2 = B 2 only in the case when i 2 − i 1 = 1; -A j = B j , 1 < j < k then
A j−1 = B j−1 coincides with A j ∩ B j and A j+1 = B j+1 coincides with A j ∪ B j if we have i j − i j−1 = 1 and i j+1 − i j = 1, respectively.
For every I ⊂ {0, 1, . . . , n − 1} we denote by Γ I the graph whose vertex set is J I and whose edges are pairs formed by adjacent elements of J I . The graph Γ I is the skeleton of the Wythoff complex of type I associated with Σ. In particular, Γ n−1 is isomorphic to the hypercube graph H n .
Half-cube graphs and half-cube embeddings
Recall that the distance d(u, v) between two vertices u, v of a connected graph can be defined as the smallest number of edges in a path connecting these vertices. A path between u and v will be called minimal if it consists of precisely d(u, v) edges.
Let Γ and Γ ′ be graphs. An embedding of Γ in Γ ′ is an injection of the vertex set of Γ to the vertex set of Γ ′ satisfying the following condition: two vertices of Γ are adjacent if and only if their images are adjacent. It is easy to see that every embedding preserves the distance 2. An embedding is said to be isometric if it is distance preserving.
Let X 0 := {1, . . . , n}. We set
Then J n−1 is the disjoint union of J + and J − ; moreover, for any two elements A, B ∈ J δ (δ = +, −) the number n − |A ∩ B| is even; and the number is odd if A ∈ J + and B ∈ J − . Denote by Γ δ the graph whose vertex set is J δ and whose edges are pairs A, B ∈ J δ satisfying |A ∩ B| = n − 2, in other words, the distance between A and B in the hypercube graph H n is equal to 2. The graphs Γ + and Γ − are isomorphic. Graphs of such type are known as half-cube graphs.
In the case when n = 3, any two distinct vertices of Γ δ are adjacent. If n = 4 then for every A ∈ J δ there is unique B ∈ J δ such that A, B are not adjacent vertices of Γ δ . In what follows we will always suppose that n ≥ 5.
We have the following result supporting Conjecture.
If all elements of I are not greater than n − 5 then there is no embedding of Γ I in a half-cube graph.
Since every embedding preserves the distance 2, Theorem 1 is a simple consequence of the following two lemmas. 
Now, let A ∈ J + be a vertex of the graph Γ + adjacent with both X, Y . It is not difficult to see that A contains X ∩ Y and intersects X \ Y and Y \ X in subsets consisting of 2 elements; moreover, if
This means that there are precisely 
is an element of J k adjacent with X and Y then
This means that there are 2(n − k − 1) distinct possibilities for j, and we have
In the case when |I| = m > 1 we take two flags
of type I, where X and Y are as above. These flags are as required (see Remark 2).
Maximal cliques of half-cube graphs
Recall that a subset in the vertex set of a graph is called a clique if any two distinct vertices of this subset are adjacent.
Throughout the section we suppose that δ = +, − and define −δ as the sign satisfying {δ, −δ} = {+, −}.
Let A ∈ J n−4 . Denote by S δ (A) the set of all elements of J δ containing A. This is a clique of Γ δ (indeed, if B, C ∈ S δ (A) then B ∩ C contains A which consists of n − 3 elements, this means that |B ∩ C| ≥ n − 2). In what follows, cliques of such type will be called stars.
Proposition 1. Every star is a maximal clique consisting of 4 elements.
Proof. We take any X ∈ J δ containing A. Denote by j 1 , j 2 , j 3 the elements of X \ A. Since J is the disjoint union of A, −A, and
the clique S δ (A) consists of X and the following three subsets
We need to show that for every C ∈ J δ \ S δ (A) there exists B ∈ S δ (A) such that |B ∩ C| < n − 2. Suppose that |C ∩ X| = n − 2 (if this equality does not hold then X is as required). Then C contains at least two elements of the subset {j 1 , j 2 , j 3 }; if these elements are, for example, j 1 and j 2 then |C ∩ Y 3 | < n − 2.
Let X ∈ J −δ . Denote by N δ (X) the set of all A ∈ J δ satisfying |A ∩ X| = n − 1 (X and A are adjacent in the hypercube graph H n ).
Proposition 2.
For every X ∈ J −δ the set N δ (X) is a maximal clique consisting of n elements.
Maximal cliques of such type are said to be n-cliques.
Proof. Clearly, we can assume that X = {1, . . . , n}. Then N δ (X) consists of X 1 := {−1, 2, . . . , n}, X 2 := {1, −2, 3 . . . , n}, . . . , X n := {1, 2, . . . , n − 1, −n}; in particular, N δ (X) is a clique.
For every Y ∈ J δ which does not belong to N δ (X) we have |X ∩ Y | ≤ n − 3. If Y does not intersect X then it consists of −1, −2, . . . , −n and |Y ∩ X i | = 1 for every i. Now, consider the case when X ∩ Y is not empty; suppose that it consists of 1, . . . , i (i ≤ n − 3) then Y = {1, . . . , i, −(i + 1), . . . , −n} and |Y ∩ X 1 | = i − 1 ≤ n − 4. Therefore, for every Y ∈ J δ \ N δ (X) there exists j such that |Y ∩ X j | ≤ n − 4. This means that our clique is maximal. Our second step is to show that every vertex of Γ δ adjacent to A, B, C belongs to the star S δ (X) or to the n-clique N δ (Y ).
It is easy to see that
where {k} = (A ∩ B) \ X. Suppose that D is a vertex of Γ δ adjacent to A, B, C and X is not contained in D (the latter means that D ∈ S δ (X)). Then D intersects each of the subsets {i, j, k}, {−i, −j, k}, {i, −j, −k} in a subset containing at least two elements. This is possible only in the case when D contains i, −j, k and an (n − 4)-element subset of X. Then |D ∩ Y | = n − 1, hence D ∈ N δ (Y ) and we get the claim. The fourth element of the star S δ (X) (the element different from A, B, C) is
it is clear that |U ∩ D| = n − 4. Therefore, there are precisely two maximal cliques containing {A, B, C}: one of them is the star S δ (X) and the other is the n-clique N δ (Y ).
Remark 3. Our proof of Proposition 3 is a modification of the proof of Proposition 3.18 from [2] .
It was established above (see the proof of Proposition 3) that the intersection of a star and an n-clique contains at most 3 vertices. A direct verification shows that the following two assertions are fulfilled:
1. The intersection of two distinct stars S δ (A) and S δ (B) contains at most 2 vertices, and we have
if and only if A, B are adjacent elements of J n−4 . 2. The intersection of two distinct n-cliques N δ (X) and N δ (Y ) is empty or it consists of precisely 2 vertices; the second possibility is realized only in the case when |X ∩Y | = n−2, in other words, X and Y are adjacent vertices of the half-cube graph Γ −δ .
In particular, we get the following.
Lemma 3. The intersection of two distinct maximal cliques of a half-cube graph contains at most 3 vertices.

Second proof of Theorem 1
Let I = {i 1 , . . . , i m } be a subset of {0, 1, . . . , n − 1} and M ∈ J n−1 . First, consider the case when |I| = 1 and
then S = ∅ and our set consists of all one-element subsets of M ). This is a clique of the graph Γ k . In the case when k = n − 2, this clique is not maximal (it is contained in the clique formed by all (n − 1)-element subsets of M ). However, an easy verification shows that [S, M ] k is a maximal clique of Γ k if k ≤ n − 3. Cliques of such type will be called stars. with A m ⊂ M . We get a maximal clique of the graph Γ I ; as above, cliques of such type will be called stars.
Every embedding of a graph Γ in another graph Γ ′ sends cliques to cliques (but the image of a maximal clique need not to be a maximal clique); the images of two distinct maximal cliques are contained in distinct maximal cliques (otherwise, there exist two adjacent vertices in the image of Γ whose pre-images are not adjacent). By Lemma 3, the existence of an embedding of Γ I in a half-cube graph implies that the intersection of two distinct maximal cliques of Γ I contains at most 3 vertices. On the other hand, the intersection of two distinct stars [F, M ] I and [F, N ] I consists of n − i m − 1 vertices if M, N are adjacent elements of J n−1 . In the case when i m ≤ n − 5, we get contradiction.
Another one result concerning half-cube embeddings
Let Γ be a graph and X be a family of maximal cliques of Γ. Denote by Γ(X ) the graph whose vertex set is X and whose edges are pairs of maximal cliques with a non-empty intersection.
Example. If Γ = Γ δ and X is the family of n-cliques then Γ(X ) coincides with Γ −δ . Indeed, there exists a one-to-one correspondence between n-cliques of Γ δ and elements of J −δ , and two distinct n-cliques have a non-empty intersection (this intersection consists of two vertices) if and only if the associated elements of J −δ are adjacent vertices of Γ −δ .
Theorem 2. Suppose that the family X satisfies the following conditions:
(1) every element of X contains more than 4 vertices,
If Γ is embeddable in a half-cube graph then the same holds for Γ(X ).
Proof. Let f be an embedding of Γ in the half-cube graph Γ + . Then f maps cliques to cliques. The condition (1) and Lemma 3 guarantee that the f -image of every X ∈ X is contained in a unique n-clique of Γ + ; denote this n-clique by X f .
Let X and Y be distinct elements of X . Then X f = Y f (otherwise, there exist non-adjacent vertices of Γ whose f -images are adjacent). Clearly, X ∩Y = ∅ implies that X f ∩Y f = ∅. Conversely, suppose that X f ∩Y f = ∅. Then the distance between any two vertices x ∈ X f and y ∈ Y f is not greater than 2. Since f is an embedding, the same holds for vertices of X and Y . By (2), we get X ∩ Y = ∅.
Therefore, the mapping X → X f is an embedding of Γ(X ) in the half-cube graph Γ − .
Problem. Is the embedding X → X f isometric if the embedding f is isometric?
Application of Theorem 2
Consider the Johnson graph J(n, k), 1 < k < n − 1 formed by all k-element subsets of {1, . . . , n}. Recall that two such subsets are adjacent (joined by an edge in J(n, k)) if their intersection consists of k − 1 elements. Every maximal clique of J(n, k) is a set of one of the following two types:
(1) the star S k (A) which consists of all k-element subsets containing a certain (k − 1)-element subset A, (2) the top T k (B) which consists of all k-element subsets contained in a certain (k + 1)-element subset B. Stars and tops have n − k + 1 and k + 1 elements, respectively.
Two distinct stars (tops) have a non-empty intersection if and only if the associated vertices of J(n, k − 1) (or J(n, k + 1)) are adjacent. The star S k (A) and the top T k (B) have a non-empty intersection only in the case when A ⊂ B.
If X and Y are non-adjacent vertices of J(n, k − 1) then the union of S k (X) and S k (Y ) has a diameter greater than 2; and the same holds for tops of J(n, k) associated with non-adjacent vertices of J(n, k + 1). Similarly, if a star and a top are disjoint then the diameter of their union is greater than 2.
By the observations given above, the condition (2) holds for the family of all maximal cliques of J(n, k). It is well-known that J(n, k) is isometrically embeddable in a half-cube graph. Consider the union of J(n, k − 1) and J(n, k + 1), where two vertices of the distinct Johnson graphs are connected by an edge if they are incident as subsets of {1, . . . , n}. By Theorem 2, this graph is embeddable in a half-cube graph if min{k, n − k} > 3 (in this case, maximal cliques contain more than 4 elements); but Theorem 2 does not guarantee that the embedding is isometric.
The hypercube graph H n also is isometrically embeddable in a half-cube graph; but all its maximal cliques consist of precisely 2 vertices and we can not apply Theorem 2.
